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In this paper, we introduce and investigate various inclusion relationships and convolution
properties of a certain class of meromorphically p-valent functions, which are defined in
this paper by means of a linear operator.
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1. Introduction
LetΣp denote the class of meromorphically multivalent functions f (z) of the form
f (z) = z−p +
∞−
n=1
anzn−p (n ∈ N = 1, 2, 3, . . .), (1)
which are analytic in the punctured open unit disk U∗ = {z : 0 < |z| < 1} = U \ {0}.
For functions f ∈ Σp given by (1) and g ∈ Σp given by
g(z) = z−p +
∞−
n=1
bnzn−p,
we define the Hadamard product (or convolution) of f and g by
(f ∗ g)(z) = z−p +
∞−
n=1
anbnzn−p. (2)
Let the function
φp(a, c; z) = z−p +
∞−
n=1
(a)n
(c)n
zn−p, (3)
where (a)n = a(a + 1) . . . (a + n − 1), n ∈ N . Corresponding to the function φp(a, c; z), we introduce a linear operator
Cp(a, c), which is defined by means of the following Hadamard product
Cp(a, c)f (z) = φp(a, c; z) ∗ f (z) (f (z) ∈ Σp). (4)
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Liu and Srivastava [1] and Yang [2] independently introduced the operator Cp(a, c) on Σp (see [3]). It is known from
[1,2] that
z(Cp(a, c)f (z))′ = aCp(a+ 1, c)f (z)− (a+ p)Cp(a, c)f (z). (5)
LetP be the class of analytic functions h(z)with h(0) = 1, which are convex and univalent in the open unit disk U . For
functions f and g analytic in U , we say that f is subordinate to g and write f ≺ g , if g is univalent in U, f (0) = g(0) and
f (U) ⊂ g(U).
Let A be class of functions of the form
h(z) = z +
∞−
n=2
anzn.
A function h(z) ∈ A is said to be in the class S∗(α), if
Re

zh′(z)
h(z)

> α (z ∈ U),
for some α (α < 1). When 0 ≤ α < 1, S∗(α) is the class of starlike functions of order α in U . A function h(z) ∈ A is said to
be prestarlike of order α in U , if
z
(1− z)2(1−α) ∗ h(z) ∈ S
∗(α) (α < 1),
where the symbol ∗ means the familiar Hadamard product of two analytic functions in U . We denote this class by R(α)
(see [4]). A function h(z) ∈ A is in the class R(0), if and only if h(z) is convex univalent in U and
R

1
2

= S∗

1
2

.
Recently, many authors have studied some subclasses of the meromorphically p-valent functions class Σp and
investigated their inclusion relationships and convolution properties. Yang and Liu [5] introduced the following subclass
ofΣp.
A function f (z) ∈ Σp is said to be in the classMp(a, c, λ; h), if it satisfies the subordination condition
(1+ λ)zpCp(a, c)f (z)+ λp z
p+1(Cp(a, c)f (z))′ ≺ h(z), (6)
where λ is a complex number, h(z) ∈ P .
In this paper, we introduce and investigate the following subclass ofΣp.
Definition 1. A function f (z) ∈ Σp is said to be in the class Np(a, c, λ; h), if it satisfies the subordination condition
(1+ λ)zpCp(a, c)g(z)+ λp z
p+1(Cp(a, c)f (z))′ ≺ h(z) (7)
where g(z) ∈ Mp(a, c, λ; h).
2. Some lemmas
In order to prove our main results, we need the following lemmas.
Lemma 1 (See [6]). Let g(z) be analytic in U, and h(z) be analytic and convex univalent in U with h(0) = g(0). If,
g(z)+ 1
µ
zg ′(z) ≺ h(z), (8)
where Re{µ} ≥ 0 and µ ≠ 0, then
g(z) ≺h(z) = µz−µ ∫ z
0
tµ−1h(t)dt ≺ h(z),
andh(z) is the best dominant of (8).
Lemma 2 (See [4]). Let α < 1, f (z) ∈ S∗(α) and g(z) ∈ R(α). For any analytic function F(z) in U, then
g ∗ (fF)
g ∗ f (U) ⊂ co(F(U)),
where co(F(U)) denotes the convex hull of F(U).
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Lemma 3 (See [5]). Let 0 ≤ λ1 < λ2. Then
Mp(a, c, λ2; h) ⊂ Mp(a, c, λ1; h). (9)
Lemma 4 (See [5]). Let 0 < a1 < a2. Then
Mp(a2, c, λ; h) ⊂ Mp(a1, c, λ; h).
Lemma 5 (See [5]). Let g(z) ∈ Mp(a, c, λ; h). The function G(z) is defined by
G(z) = µ− p
zµ
∫ z
0
tµ−1g(t)dt (Reµ > p).
Then G(z) ∈ Mp(a, c, λ;h), whereh(z) = (µ− p)z−(µ−p)  z0 tµ−p−1h(t)dt ≺ h(z).
3. Main results
Theorem 1. Let 0 ≤ λ1 < λ2, then
Np(a, c, λ2; h) ⊂ Np(a, c, λ1; h). (10)
Proof. Let 0 ≤ λ1 < λ2, and suppose that
T (z) = zpCp(a, c)g(z), (11)
for f (z) ∈ Np(a, c, λ2; h), and g(z) ∈ Mp(a, c, λ2; h). Then the function T (z) is analytic in U with T (0) = 1. Differentiating
both sides of (11) with respect to z and using (5), we get
(1+ λ2)zpCp(a, c)g(z)+ λ2p z
p+1(Cp(a, c)g(z))′ = T (z)+ λ2p zT
′(z) ≺ h(z). (12)
From Lemma 1, we get
T (z) ≺ h(z). (13)
Noting that 0 ≤ λ1
λ2
< 1 and that h(z) is convex univalent in U , it follows from (11)–(13) that
(1+ λ1)zpCp(a, c)g(z)+ λ1p z
p+1(Cp(a, c)f (z))′
= λ1
λ2

(1+ λ2)zpCp(a, c)g(z)+ λ2p z
p+1(Cp(a, c)f (z))′

+

1− λ1
λ2

T (z) ≺ h(z). (14)
By Lemma 3 and (14), we have that f (z) ∈ Np(a, c, λ1; h). 
Theorem 2. Let 0 < a1 < a2, then
Np(a2, c, λ; h) ⊂ Np(a1, c, λ; h). (15)
Proof. Define
ω(z) = z +
∞−
n=1
(a1)n
(a2)n
zn+1 (z ∈ U; 0 < a1 < a2).
Then
zp+1φp(a1, a2; z) = ω(z) ∈ A , (16)
where φp(a1, a2; z) is defined as in (3), and
z
(1− z)a2 ∗ ω(z) =
z
(1− z)a1 . (17)
By (17), we have
z
(1− z)a2 ∗ ω(z) ∈ S
∗

1− a1
2

⊂ S∗

1− a2
2

,
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for 0 < a1 < a2, which implies that
ω(z) ∈ R

1− a2
2

. (18)
It is easy to verify that
zpCp(a1, c)g(z) = ω(z)z ∗ z
pCp(a2, c)g(z), (19)
and
zp+1(Cp(a1, c)f (z))′ = ω(z)z ∗ z
p+1(Cp(a2, c)f (z))′. (20)
Let f (z) ∈ Np(a2, c, λ; h) and g(z) ∈ Mp(a2, c, λ; h), by (16), (19) and (20), we get
(1+ λ)zpCp(a1, c)g(z)+ λp z
p+1(Cp(a1, c)f (z))′ = ω(z)z ∗ ζ (z) =
ω(z) ∗ (zζ (z))
ω(z) ∗ z , (21)
where
ζ (z) = (1+ λ)zpCp(a2, c)g(z)+ λp z
p+1(Cp(a2, c)f (z))′ ≺ h(z). (22)
Since the function z belongs to S∗

1− a22

and h(z) is convex univalent in U , it follows from (18), (21) and (22) and
Lemma 2 that
(1+ λ)zpCp(a1, c)g(z)+ λp z
p+1(Cp(a1, c)f (z))′ ≺ h(z). (23)
By Lemma 4 and (23), we get f (z) ∈ Np(a1, c, λ; h). 
Theorem 3. Let Re{a} ≥ 0 and a ≠ 0. Then
Np(a+ 1, c,−1; h) ⊂ Np(a, c,−1;h),
where
h(z) = az−a ∫ z
0
ta−1h(t)dt ≺ h(z).
Proof. Define
ν(z) = −1
p
zp+1(Cp(a, c)f (z))′, (24)
for f (z) ∈∑p. By (5) and (24),
pz−pν(z) = −(aCp(a+ 1, c)f (z)− (a+ p)Cp(a, c)f (z)). (25)
Differentiating both sides of (25) and using (5), we have
pz−p(zν ′(z)− pν(z)) = −[za(Cp(a+ 1, c)f (z))′ − (a+ p)(aCp(a+ 1, c)f (z)− (a+ p)Cp(a, c)f (z))]. (26)
From (25) and (26), we know that
pz−p(zν ′(z)+ aν(z)) = −za(Cp(a+ 1, c)f (z))′,
that is
ν(z)+ z
a
ν ′(z) = −1
p
zp+1(Cp(a+ 1, c)f (z))′. (27)
If f (z) ∈ Np(a+ 1, c,−1; h), then it follows from (27) that
ν(z)+ z
a
ν ′(z) ≺ h(z) (Re{a} ≥ 0, a ≠ 0).
Hence an application of Lemma 1 yields
ν(z) ≺h(z) = az−a ∫ z
0
ta−1h(t)dt ≺ h(z),
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which shows that
f (z) ∈ Np(a, c,−1;h). 
4. Some properties of the function class Np(a, c, λ;h)
Theorem 4. Let f (z) ∈ Np(a, c, λ; h), g(z) ∈ Mp(a, c, λ; h),
µ(z) ∈ Σp, zp+1µ(z) ∈ R(α) (α < 1),
then (f ∗ µ)(z) ∈ Np(a, c, λ; h).
Proof. For f (z) ∈ Np(a, c, λ; h), g(z) ∈ Mp(a, c, λ; h) and µ(z) ∈ Σp, we have
(1+ λ)zpCp(a, c)(g ∗ µ)(z)+ λp z
p+1(Cp(a, c)(f ∗ µ)(z))′ = (z
p+1µ(z)) ∗ (zζ (z))
(zp+1µ(z)) ∗ z , (28)
where ζ (z) = (1+ λ)zpCp(a, c)g(z)+ λp zp+1(Cp(a, c)f (z))′ ≺ h(z).
Since h(z) is convex univalent in U ,
ζ (z) ≺ h(z), zp+1µ(z) ∈ R(α), z ∈ S∗(α) (α < 1),
from (28) and Lemma 2, we obtain the desired result. 
Theorem 5. Let f (z) ∈ Np(a, c, λ; h), g(z) ∈ Mp(a, c, λ; h). The functions F(z) and G(z) defined by
F(z) = µ− p
zµ
∫ z
0
tµ−1f (t)dt; G(z) = µ− p
zµ
∫ z
0
tµ−1g(t)dt (Re{µ} > p). (29)
Then F(z) ∈ Np(a, c, λ;h), whereh(z) = (µ− p)z−(µ−p)  z0 tµ−p−1h(t)dt ≺ h(z).
Proof. For f (z) ∈ Σp, g(z) ∈ Mp(a, c, λ; h) and Re{µ} > p, we find from (29) and Lemma 5 that F(z) ∈ Σp and G(z) ∈
Mp(a, c, λ; h) and
(µ− p)f (z) = µF(z)+ zF ′(z); (µ− p)g(z) = µG(z)+ zG′(z). (30)
Define Q (z) by
z−pQ (z) = (1+ λ)Cp(a, c)G(z)+ λp z(Cp(a, c)F(z))
′. (31)
Differentiating both sides of (31) with respect to z, we get
zQ ′(z)− pQ (z) = (1+ λ)zpCp(a, c)(zG′(z))+ λp z
p+1(Cp(a, c)(zF ′(z)))′. (32)
By (30)–(32), we have that
(1+ λ)zpCp(a, c)g(z)+ λp z
p+1(Cp(a, c)f (z))′
= (1+ λ)zpCp(a, c)

µG(z)+ zG′(z)
µ− p

+ λ
p
zp+1

Cp(a, c)
µF(z)+ zF ′(z)
µ− p
′
= µ
µ− pQ (z)+
1
µ− p (zQ
′(z)− pQ (z)) = Q (z)+ zQ
′(z)
µ− p . (33)
For f (z) ∈ Np(a, c, λ; h), then, by (33),
Q (z)+ zQ
′(z)
µ− p ≺ h(z).
From Lemma 1, we get that
Q (z) ≺h(z) = (µ− p)z−(µ−p) ∫ z
0
tµ−p−1h(t)dt ≺ h(z).
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Therefore, we get
F(z) ∈ Np(a, c, λ;h) ⊂ Np(a, c, λ; h). 
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